ABSTRACT In this paper, a nonlinear robust control method is developed for trajectory tracking of a quadrotor aircraft. The proposed approach combines the robust signal compensation method and the backstepping technique. First, the quadrotor dynamic system with multiple disturbances and uncertainties is divided into four subsystems. Then, the nominal controllers are constructed for the subsystems without disturbance terms, while the robust signal compensators are introduced to compensate for the effect of nonlinearities and uncertainties. Furthermore, the Lyapunov analysis has shown that the proposed controller can achieve stable tracking in the presence of violent discontinuous disturbances and uncertainties. The tracking error converges to an arbitrarily small neighborhood of zero. Finally, the proposed control design is validated with real flight experiments. The results show superior trajectory tracking performance of the quadrotor system affected by external disturbances.
I. INTRODUCTION
The quadrotor aircraft has attracted widespread attentions due to its potential applications in military, civil, as well as scientific research fields. It has many advantages, such as simple structure, high maneuverability, easy maintenance, and the ability of vertical take-off and landing (VTOL) [1] - [7] . Recently, the quadrotor has played an important role in multi-agent cooperative tasks, such as formation flying, collaborative search and rescue [8] - [12] . The quadrotor model is a complex multi-input-multi-output (MIMO) nonlinear and under-actuated system. In real flight, the quadrotor always exposes to various disturbances and uncertainties, such as parametric perturbations and wind gusts. Therefore, how to achieve the high-performance and robust control for the quadrotor is still a challenging and valuable job. Many researchers have been devoted to this task for decades.
In the earlier works, the proportional-integral-derivative (PID) controller, which does not require the dynamic model, has achieved great success [13] , [14] . Moreover, the linear quadratic regulator (LQR) was applied for the quadrotor The associate editor coordinating the review of this manuscript and approving it for publication was Ning Sun.
in [15] - [17] . The LQR controller is designed for linear models, while the quadrotor model has strong nonlinearities. In order to deal with the nonlinearities and disturbances of the quadrotor system, numerous robust and nonlinear control strategies have been applied, such as backstepping control, sliding mode control (SMC), and other approaches [18] - [21] . A robust fuzzy backstepping sliding mode controller (RFB-SMC) is presented in [22] , where the backstepping technique is combined with SMC. The stability of the method is verified through the Lyapunov analysis. The quadrotor attitude tracking control problem is addressed in [23] . The tracking error can be bounded in the presence of unknown disturbance. By using the proposed switching system approach, the controller can attenuate the effect of disturbances to a desired level. In [24] , a novel robust compensator is added into the quadrotor closed-loop system. This method can guarantee the uniformly asymptotically stability of a delayed quadrotor system with external disturbances. In [25] , the robust integral of the signum of the error (RISE) method combined with an immersion and invariance (I&I)-based adaptive control method is used to design a tracking controller, which achieves good performance in a semi-physical experiment. However, in their studies, the disturbance is required to be continuous.
Besides, the backstepping technique has also been applied to deal with the cascade constraints, e.g., actuator saturations and dead zones [26] .
Although the backstepping technique has raised wide attention in the quadrotor control field and has achieved great success [27] - [31] . This approach still suffers from the problem of ''calculation explosion''. To overcome this drawback, the dynamic surface control (DSC) is presented in [32] . In this method, the r − 1 (r is the relative degree of the output to be controlled) order low pass filters are designed to replace the differential equation of the virtual control. However, to fulfill the requirement of tracking error, the control cycle should be short enough to compensate the affect from the low pass filter, which is difficult for onboard computing.
Recently, with the development of machine learning, many learning based adaptive approaches have been developed for quadrotor control. The neural networks (NNs) are utilized to deal with the nonlinearities [33] - [37] . In [34] , a back propagation neural network (BPNN) based PID controller is introduced. The PID parameters are adaptively adjusted through the training of neural network weights. In [37] , the output feedback theory with NN are adopted to design a nonlinear robust controller for the quadrotor. A network is used to learn the complete dynamics of the UAV online. Obviously, these NN based methods could obtain better performance than classical methods because the NNs have better ability for nonlinear approximation. However, they are hard to be applied in real hardware platforms, for the reason that the algorithms need to occupy more resource of the onboard micro control unit (MCU). Consequently, it is necessary to develop more concise and practical controller for quadrotors.
Although plenty of nonlinear approaches have been studied for quadrotor control, most of the existing literatures do not consider enough nonlinear uncertainties and the limited ability of onboard computing. Motivated by these concerns, we develop a simpler robust controller for the quadrotor trajectory tracking problem based on the robust signal compensation method proposed in [38] and [39] . The basic idea of the developed robust controller is a combination of the backstepping design and the signal compensation method. The dynamic model of a quadrotor is divided into four subsystems and each subsystem contains two parts: the known dynamics and the unknown part. In our method, the known nonlinear part is processed by feedback linearization. The unknown part which includes disturbances and uncertainties are handled by the robust compensator. The Lyapunov analysis has shown that the proposed controller can achieve stable tracking under the effect of violent discontinuous disturbances and uncertainties. The tracking error converges to an arbitrarily small neighborhood of zero. The effectiveness of our method is validated in real flight experiments. The contributions of this paper are summarized as follows:
• A robust quadrotor trajectory tracking controller is developed, which theoretically guarantees that the tracking errors converge to an arbitrarily small neighborhood of zero with the presence of discontinuous disturbances.
• By introducing the robust filter in the proposed controller, the ''explosion of complexity'' is avoided in using the backstepping method.
• The proposed controller is tested in real flight experiments, which validate its effectiveness and robustness in real applications. The remaining sections of this paper are laid out as follows. The dynamic model of the quadrotor system and some assumptions are provided in Section II. In Section III, the design of controllers for each subsystem are given in details; the stability and robustness analysis of the closed-loop control system is presented. The experimental results are shown in Section IV. Finally, the conclusions are stated in Section V.
Throughout this paper, the symbol s suggests the Laplace operator. The bold letter denotes a vector, such as x = x 1 , x 2 , . . . , x j T . For the convenience of expression,
II. PRELIMINARIES A. SCHEMATIC OF QUADROTOR
The basic structure of the quadrotor is shown in Fig. 1 . The quadrotor is actuated by the lift forces from four rotors located at the endpoint of the cross-shaped frame. The attitude and position of the quadrotor can be controlled by adjusting the rotational speed of each rotor. Rotor 1 and rotor 3 rotates clockwise while rotor 2 and rotor 4 rotates counter-clockwise. For the convenience of building the mathematical model of the quadrotor system, we assume that the quadrotor frame is a symmetric rigid body; the center of mass is coincides with the geometric center. The flapping dynamics of the frame are ignored.
To describe the attitude and the position of the quadrotor, two right-handed coordinate frames are established. They are the body-fixed frame denoted as B and the inertial frame denoted as E. The body-fixed frame is fixed with the VOLUME 7, 2019 quadrotor and the origin is on the center of mass. The inertial frame is based on the earth with its origin coincides with the origin of the body-fixed frame before taking off. The attitude of the quadrotor is described by Euler angle. The rotation angles with respect to the inertial frame are roll angle (φ), pitch angle (θ), and yaw angle (ψ). The angular velocity with respect to the inertial frame is denoted as ξ = [φ,θ,ψ] T . All attitude angles are limited to (−π/2, π/2). However, the angular velocities are measured relative to the body-fixed frame, which is expressed as = [p, q, r] T . Therefore, we introduce the transformation matrix R r to convert them between two frames [21] , that is,
where C {·} and S {·} indicate cos(·) and sin(·) respectively. Furthermore, To convert the coordinates between two coordinate frames, we also introduce the rotation matrix R t ∈ SO(3) which is,
Referring to the Newton-Euler equation, the dynamic model of the quadrotor can be expressed as the following differential equations [40] ,
where J b = diag(I x , I y , I z ) is the diagonal matrix which denotes the moments of inertia around three axes in body-fixed frame. M d is the torques of resistance proportional to the angular velocity, that is,
ψ are the coefficients of drag. M c is the torque of Coriolis force [41] .
T is the torque generated by four rotors.
where T i (i = 1, 2, 3, 4) are the lift forces generated by the rotors, which is shown in Fig.1 . The rotors are controlled by pulse width modulation (PWM) signals through electronic speed controllers (ESCs). The lift force is approximately proportional to the pulse width of the input signal. l is the distance between rotor and the center of mass; τ is counter torque coefficient.
In (4), m is the total mass of the quadrotor. V = [x, y, z] T is the velocity along the three axes in the inertial frame. G = [0, 0, mg E ] T is gravity, where g E is the acceleration due to gravity.
is the resultant force applied to the quadrotor with respect to the body-fixed frame. F fix = The gyroscopic effect resulting from the rotation of rotors are also taken into consideration in the dynamic model. Define J p as the moment of inertia of the rotor. ω i (i = 1, 2, 3, 4) are the spinning speed of each rotor. we define = −ω 1 + ω 2 − ω 3 + ω 4 as the summarized speed of all rotors. Summarizing all these dynamics discussed above, the full dynamic model of the quadrotor can be expressed by the following nonlinear differential equations:
where U i (i = 1, 2, 3, 4) are the nominal control inputs, which are defined as: 
Among these parameters, a 1 , a 2 , and a 3 are related to the moments of inertia; a x , a y , a z , a φ , a θ , and a ψ are the parameters with respect to drag coefficients; b x and b y are coefficients about the gyroscope effect.
To implement the proposed control method, the dynamic model is divided into four subsystems. The system states are expressed as x ij , where i denotes the number of subsystem, and j denotes the order of the states. All states of the quadrotor are listed as follows:
Subsys-1: (6) where 
where
Subsystem-3 describes the dynamic of the translational motion and the rotational motion with respect to y-axis: (8) where (9) where
In those subsystems, K p (p = 1, 2, . . . , 6) are positive constants that represent the effects of asymmetry of the quadrotor frame, which result from the asymmetry assembly process. There may be some errors between the measure value and the real value of the attitude. The unknown nonlinear termλ ij contains two parts. One part is p (p = 1, 2, . . . , 6), which represents the unknown internal disturbances from parametric perturbations and model uncertainties. The other part is external disturbances, such as wind gust, gyroscope effect of the rotors. The inputs and outputs of the whole system is U i and y i , i = 1, 2, 3, 4, respectively.
B. PROBLEM FORMULATION AND ASSUMPTIONS
The goal of this paper is to design a robust trajectory tracking controller for a quadrotor aircraft. The error between the system state and the reference signal should converge to a specified neighborhood. Considering both the real flight limitations and the requirements of theoretical analysis, we put forward the following definition and assumptions on model error, reference signal, and external disturbances [24] , [38] .
Definition 1: η i is the system order of the i-th subsystem, Assumption 1: There exist suitable positive constants for each subsystem g ij (j = 1, 2, . . . , η i ) can make the following formula hold.
where κ ij is non-negative nonlinear function, andν ij is positive valued function of i .
Assumption 2: y di is bounded and smooth function. There exist known positive constants ξ 1 , ξ 2 subject to |y di | ≤ ξ 1 and
Assumption 3: | p | can be discontinuous or non-smooth function, and | p | ≤ ξ 3 , where ξ 3 are positive constants.
Assumption 4: There exist non-negative nonlinear functions ϑ ij (j = 1, 2, . . . , η i ), and positive valued functionsν ij such thatλ ij can satisfy the following inequations
III. ROBUST CONTROLLER DESIGN AND STABILITY ANALYSIS
In this section, the design of the backstepping robust controller combining the backstepping technique and signal compensation will be introduced in details, then the robust property of the whole quadrotor system will be discussed.
A. CONTROLLER DESIGN
The design procedure of each subsystem is described in this section, and the ultimate control inputs will be calculated out at last, then it will be convert to the corresponding PWM signal. In each step of the calculation, the controller is composed of two parts, the nominal controller to dispose of the known dynamic terms, and the robust signal compensator designed to counteract uncertainties and disturbance. The errors between real system state and target value will be reduced and enter into the neighborhood of zero. The controller design procedure contains η i steps, the final control inputs can be obtained at the η i th step. Refer to the dynamic characteristics of the four subsystems mentioned in Section II, the control inputs are designed one by one according to the following steps.
Step 1: The tracking error variables are defined as e i1 = x i1 − y di = y i − y di , and y di is the reference value of y i . An error subsystem can be obtained aṡ
whereλ i1 =λ i1 −ẏ di . x i2 is regarded as a virtual control input. The desired virtual controllerx i2 is given aŝ
where α i1 is a positive constant which will be decided in later analysis, f i1 is a positive constant which need to be adjusted according to the tracking performance we want, if we need more robust control controller, it should be larger. Define tracking error of virtual controller as e i2 = x i2 −x i2 , henceė i1 = −α i1 e i1 +λ i1 + f i1 γ i1 (12) where the equivalent disturbance is shown as follow:
According to (12) , f i1 γ i1 can be called as robust filter. Meanwhile, γ i1 is designed as the robust compensating signal to compensate the equivalent disturbance, so that we have
where s is the differential operator. Rewriting (12), one haŝ (15) and γ i1 can be obtained as
Step k(k = 1, 2, . . . , η i − 1): Similar to the first step, the tracking errors are defined as e ij = x ij −x ij = y i −x ij , then the derivative iṡ
wherex
where f ij is the robust filter parameter. In order to overcome the ''explosion of complexity'' problem, x i(j+1) can be considered as virtual input of controller to obtain the stabilization, so it is designed with robust filter as the following form:
Then, the derivative of the tracking errorė ij and the equivalent disturbanceλ ij can be calculated,
Similar to the first step, the robust compensating signal is constructed as (20) Step η i : At the last, the ith control input U i is deduced as the following equation, so as to receive the elimination of the tracking error in each subsystem. The tracking errors are e iη i = x iη i −x iη i , the its derivative iṡ
where detail form ofx iη i andλ iη i are similar to (17) . The real control input signals are designed as
Similarly, the robust virtual compensating signal γ iη i is given by
To sum up, the design of the whole backstepping robust controllers have finished. We can give the general formulas:
Therefore, the four control inputs are calculated on the basis of above steps. The controllers are decentralized and time-invariant. Some remarks are provided for easier understanding.
Remark 2: The controller in each subsystem have two parts: one part is the nominal control part including the linear state feedback part −α ij e ij /g ij and the backstepping linearization term − • λ ij /g ij ; the other one is the robust signal compensator f ij γ ij /g ij .
Remark 3:
−e ij −α ij e ij /s is the robust virtual compensating signal, so that the robust filter contains integrator by means of the implied term −α ij e ij /s.
Remark 4: Based on (23), sγ ij = −λ ij − f ij γ ij . If f ij is sufficiently large, the robust compensator will have sufficiently wide frequency bandwidth. We can expect that f ij γ ij could approximate −λ ij and weaken the effect of uncertainties and disturbance. Therefore, the bigger robust filter parameters f ij can reduce the range of the tracking error and achieve stronger robustness.
Remark 5: The terms g ij andλ ij which include uncertainties could be discontinuous. This feature is more friendly in practical flight situation, which means that the robust controller can manage sudden disturbance.
B. ROBUSTNESS PROPERTY ANALYSIS
The robust property of the quadrotor system is analyzed in this section. After that, a simple method is provided to describe how to select suitable control parameters f ij and α ij according to the desired robust property.
Definition 2: x, e, f and w are defined as the vector which includes the states, the tracking errors, the filter parameters and the robust filter signals, respectively.
Theorem 1: Consider the closed-loop quadrotor system which adopts the backstepping robust controller designed in (24) , if all assumptions provided in section II are satisfied, the desired robust property can be obtained. That is to say, for any given constants ε > 0, r e ≥ 0 and r w ≥ 0, if the initial condition of the quadrotor system satisfy e(t 0 ) ≤ r e , γ (t 0 ) ≤ r w (t 0 is the initial time), there exist a constant T ≥ t 0 and a group of sufficiently large constants f ij which satisfy the following three inequalities,
make the states x(t), the tracking errors e(t), and the robust compensator signal γ (t) are bounded, 
In addition, λ max (P) denotes the maximum eigenvalues of P, λ min (P) is the minimum eigenvalues of P.
In the first place, the following lemmas are necessary to be laid out.
Lemma 1: The control gains g ij (i = 1, . . . , 4; j = 1, 2, . . . , η i ) in the four subsytems satisfy that
where ij (e, γ , f ) are positive nonlinear functions,
can make the following inequalities established
f ij γ ij , the following inequalities can be obtained.
where The detail proof procedure of the above four lemmas are similar to our previous work [39] .
With the consideration of Lemma 4, the time derivative of V can be deduced as the following equation:
In the above formulas, we can find that α, α, f have been explained in Theorem 1.
If choose suitable f and ε φ to make the following inequalities (28) and (29) hold respectively,
where λ p2 = λ max (P). Then for any [e, γ ] T ∈ (r a , r b ), one has
Hence, for any given positive constants ε, r e and r w , if r b = λ p1 ε 2 with λ p1 = λ min (P) and r a ≥ max r b , λ p2 (r 2 e + r 2 w ) , meanwhile V (t 0 ) ≤ r a , then a sufficiently large positive constant f can be found satisfying inequality (28) , and a sufficiently small positive constant ε φ can satisfy inequality (29) . Finally the following formula can be derived,
This formula implies that e and γ are bounded, the state errors and robust filter signal can converge exponentially to the following domain and stay in it.
[e, γ ] T e ≤ ε, γ ≤ ε In conclusion, for any given constants ε > 0, r e ≥ 0 and r w ≥ 0, if the initial conditions of states mentioned in Theorem 1 are satisfied, one can find a group of sufficiently large f ij and positive constant T ≥ t 0 , make e,γ and x are bounded as e ≤ ε, γ ≤ ε, t ≥ T . If the initial values e(t 0 ) and γ (t 0 ) are zero, e ≤ ε, γ ≤ ε, t ≥ t 0 .
The proof is completed.
IV. EXPERIMENT RESULTS

A. QUADROTOR PLATFORM
The quadrotor experimental platform used for validation is presented in this subsection. The structure of the platform (shown in Fig.3 ) includes three main parts: quadrotor aircraft, data transmitter, and ground station. A photo of the quadrotor aircraft is given in Fig. 2 . The quadrotor is composed of the main frame, the circuit boards, and rotors. The parameters of the quadrotor frame are shown in Table 1 . The MCU (STM32F407), inertial sensor (MPU9250), ultrasonic altimeter (US-100), and power supplying chips are located on the circuit boards. For the rotors, we use brushless direct current (BLDC) motors (2212KV) and 8-inch propellers.
The data transmitter consists of two pairs of wireless transmitter and receiver. One pair connect the radio controller (Futaba T14SG) with the onboard MCU for manual control; the other pair connect the ground station with the onboard MCU for autonomous flying.
The ground station includes a radio controller, a laptop which connected to the Opti-track motion capture system. The motion capture system is used to obtain the position information of the quadrotor for the controller. In the experiment, the attitude angle update rate is 200 Hz; the control cycle is 5 ms; the update rate of inertial measurement unit sensor (IMU) is 1000 Hz. In addition, an electric fan and an anemometer are used to generate wind disturbances.
B. CONTROLLER SETTINGS
A detailed controller setting and parameters tuning procedure is given as follows:
(1) Referring to the quadrotor model, the nominal part of proposed controller can be determined. The known model parameters should be taken in to the dynamic equations of the four subsystems, such as the mass m, the distance l, the gravity g E , and the moment of inertia I x , I y , I z . Therefore, the value of g ij (the lower bound of control input coefficient) and • λ ij (the known terms) in each subsystem could be obtained.
(2) α ij are chosen for the desired convergence rate. Theoretically speaking, convergence speed can be arbitrarily selected. But in practical flight, the output energy of controller is limited. Therefore, the upper bound of convergence speed can be set based on the time constant of the quadrotor system.
(3) The robust filter parameters f ij should satisfy the conditions mentioned in Theorem 1. The lower bound of f ij can be calculated by using f > 2α+ α 2 . f ij should be determined from the low order to the high order. The robust filters with larger f ij have wider frequency bandwidths, thus high frequency noise will be lead into the controller easier. Hence, too big values of f ij should not be applied in practical task for avoiding high frequency noise.
(4) Putting the above parameters into equation (24), the final robust controllers U i (i = 1, 2, 3, 4) with the nominal part and the robust filter compensator are designed. On the basis of the approximating relationship between U i and PWM signal, the desired thrusts will be generated by the ESCs.
In our experiment, the convergence parameters α ij are chosen to decide the convergence speed of tracking errors, 
. In addition, we should find a balance between reducing the high frequency noise and pursuing stronger robustness, so that the robust filter parameters should not be too large.
C. EXPERIMENTS AND RESULTS
In order to demonstrate the effectiveness and robustness of the proposed robust controller, we design two cases. Case 1 is a simple fixed point hovering task. Case 2 is a squared trajectory tracking task. In the following figures, the blue dotted lines indicate the desired values, and the red solid lines indicate the real values.
1) CASE 1: HOVERING
In this case, the quadrotor should take off smoothly and hover at the designated position (x = 0, y = 0, z = 1) under the influence of wind disturbance. During the hovering, the quadrotor will be applied a sudden force by the experimenter, which could be considered as a discontinuous disturbance. This case lasts about 30 s. The position, attitude, and control thrust are shown in Fig. 4, Fig. 5, and Fig. 6 , respectively. At the beginning, the fan is off, and it is switched to on at the third sec, the speed of wind is about 2 m/s. At the 13-th sec, the speed of wind is increased to about 3.5 m/s. At the 17-th sec, the quadrotor was disturbed by man-made sudden force. In order to take off smoothly, a two step signal is chosen at the beginning and the ending of this flight. Fig. 5 shows that it takes about 2 seconds to recovery to the stable hovering. Fig. 6 shows that the maximum attitude errors of the pitch, roll, and yaw angles are 1 deg, 0.5 deg, and 3 deg, respectively. The dynamic performances of the quadrotor under different wind speed is very similar.
2) CASE 2: TRAJECTORY TRACKING
In this case, the quadrotor should track a square trajectory. The side length is 2 m. This case shows the trajectory tracking performance of the proposed controller. This experiment lasts about 40 sec. The fan is turn on at third sec and the wind speed is 2 m/s. Then the speed is increased to 3.5 m/s at VOLUME 7, 2019 10 sec. The same sudden force is applied at 13 sec. The flying trajectory is shown in Fig. 7 , which shows a smooth and precise tracking performance. In the third side of the square, even under the influence of wind, the average tracking error is less than 20 mm. The altitude is shown in Fig. 8. Fig. 9 shows the impressive tracking accuracy of the internal tracking of attitude angles. The average tracking error is less than 1 deg. 
TABLE 2. Experiment results summary (position).
The recovery and anti-interference performance of the two case can be summed by Table 2 . It can be concluded that the quadrotor with our proposed controller have similar dynamic performance when face the different magnitudes of gust, and the quadrotor could recovery within 2.5 s after a sudden interference.
V. CONCLUSION
In this paper, a robust signal compensation control method combined with backstepping technique is applied in the tracking control task of the quadrotor. The dynamic model is divided into four subsystems, the robust controllers were designed and the whole closed-loop system have the ability of handle complicated disturbance. The tracking error are restrained into the expected neighborhood of zero, the robust tracking property can be improved by adjusting the robust filter parameters. The actual flight experiments for VTOL, hovering, and trajectory tracking tasks are conducted on the quadrotor platform, which support the feasibility and effectiveness of our method.
